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0. INTRODUCTION 
Let R be a commutative topological ring, M a topological R-module. The 
topology on M is linear if it is Hausdorff and has a local neighborhood base 
consisting of submodules of M. An R-module with a linear topology is called 
a linearly topological R-module. A linearly topological R-module is linearly 
compact, if each filter {xi + Nil (i E I) o cosets of closed submodules has f  
nonvoid intersection. 
The structure of linearly compact abelian groups (modules over the 
discrete ring Z) has been completely determined by Fuchs [2]. These are 
products of groups of the form Z( p”) (1 < n < oo), 2, and Q, for various 
primes p. 
In this paper we prove (see below for definitions) 
THEOREM. Let R be a Noetherian h-local domain with S2-adic topology and 
JW a linearly topological HausdorfJ R-module. Then M is linearly compact if 
and only ;f  it is topologically isomorphic to a closed summand of a topological 
product of &-Artinian modules each with discrete topology for various maximal 
ideals m of R, where & is the local completion of R at m. 
The term ring will always mean a commutative Noetherian domain. We 
shorten the term “linearly topological R-module” to simply “R-module”. 
Given a ring R, Q(R) or simply D denotes the set of all maximal ideals of R. 
The J&adic topology on R is defined by taking as local neighborhood base the 
collection of all ideals 1 of R, each of which is a finite intersection of powers 
of elements in Sz. h denotes the completion in the topology under considera- 
tion. 
A domain R is h-local if every nonzero ideal of R is contained in only 
finitely many maximal ideals of R and every nonzero prime ideal of R is 
contained in only one maximal ideal of R. This class of domains was first 
introduced and systematically studied by E. Maths, as a common generali- 
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zation of Dedekind domains and local domains. He also characterized them 
as follows: A domain R is h-local if and only if every torsion R-module M 
is isomorphic to @ 111, (m E Q) where M, is the localization of M at the 
maximal ideal m of A. 
Standard references for linearly compact rings and modules are Macdonald 
[3] and Zelinsky [7]. Thorough knowledge of [3] is essential for under- 
standing the proof of the main theorem. 
We shall use some results pertaining to purity in a category of modules. 
Most of them are found in [6]. 
First we shall consider the following. 
1. THE LOCAL CASE 
Let R be a local ring with maximal ideal M. Then the Q-adic topology on R 
is the same as its m-adic topology, under which R is linearly topological 
Hausdorff. Let R = proj lim/R/ mn denote the m-adic completion of R. Then 
R is a complete local ring with maximal ideal #z and its SZ-adic topology 
is the r%-adic topology. 
Let M be R-linearly compact; then M is complete in its topology. This 
enables M to acquire an R-module structure in a natural way and the lattice 
of R-submodules of M is the same as that of R-submodules of M. Thus 
every R-linearly compact module M is also an R-module as such linearly 
compact. 
Hence we may assume hereafter that the local ring R with maximal ideal 
m is complete in its m-adic topology. 
Let M be an R-module. The topology on M is linearly discrete, if every 
m-primary quotient of M (a quotient every element of which is annihilated 
by some power of m) is a discrete R-module. 
The following duality theorem due independently to Fleischer [l] and 
Macdonald [3] is crucial in the proof of our main theorem. 
THEOREM 1.1. (Fleischer-Macdonald duality). Let R be a complete 
Noetherian local ring with the m-ad& topology and $7 the category of all linearly 
topological Hausdorfl R-modules with morphisms, continuous homomorphisms, 
and E the injective envelope of the residue class jeld with the discrete topology. 
Denote Morph(M, E) by M* for M in 55’. Then M* is also in %? with a linear 
topology known as the “linearly compact-open” topology. Further, 
(a) if M is linearly discrete (linearly compact) then M* is linearly compact 
(linearly discrete). 
(b) if M is linearly compact (linearly discrete) then M is isomorphic to N* 
for some N in ‘6, where N is linearly discrete (linearly compact). 
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Proof. Macdonald [3, p. 234, Propositions 9.12 and 9.131. 
Remark. This result in particular includes the well-known Maths duality 
between Noetherian and Artinian modules over a complete local ring [4, 
p. 528, Corollary 4.31. 
We shall collect below all the results we need concerning purity in a category 
of modules. They involve no topology. 
DEFINITION 1.2. Let R be a ring. The exact sequence 0 --f A --t B + C---f 0 
of R-modules is pure exact if for any R-module M, the induced sequence 
0-tA@M+B@M-+C@M+Oisexact. 
PROPOSITION 1.3. If  M is an injective module, then Hom(-, iU) splits all 
pure exact sequences. 
Proof. Let 0 ---f A + B --f C --, 0 be pure exact, so that 0 ---f A @ N -+ 
B @ N --, C @ N -+ 0 is exact. Then by assumption on M, 0 -+ 
Hom(C ON, M) - Hom(B @ N, M) + Hom(A @ N, M) + 0 is exact. By 
the adjointness of Hom(-, -) and @I we have 04 Hom(N, Hom(C, M))+ 
Hom(N, Hom(B, M)) + Hom(N, Hom(A, M)) -+ 0 is exact. Since N was 
arbitrary, this means 0 -+ Hom(C, M) ---f Hom(B, M) + Hom(A, M) * 0 
is split exact. 
DEFINITION I .4. A module M is pure-projective, if hom(M, -) preserves 
the exactness of all pure-exact sequences. 
PROPOSITION 1.5. Given a module M, there exists a pure-exact sequence 
0 -+ X---f F - M - 0 such that F is pure-projective. 
Proof. [6, p. 700, Proposition I]. 
PROPOSITION 1.6. Let R be a complete local ring, then any pure-projective 
module is a direct sum of Noetherian R-modules. 
Proof. [6, p. 703, Corollary 41 
PROPOSITION 1.7. Let R be a complete local ring and M an R-module. 
Then there exists a pure-exact sequence 0 + X + P + M + 0 where P is a 
direct sum of Noetherian R-modules. 
Proof. Follows from 1.5 and 1.6. 
Now we are ready to prove 
LOCAL STRUCTURE THEOREM 1.8. Let R be a complete local ring and M 
an R-module. Then the following are equivalent: 
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(a) M is linearly compact; 
(b) M is topologically isomorphic to a closed summand of topological 
product of Artinian R-modules each with discrete topology. 
Proof. (b) a (a). Every Artinian R-module is linearly compact in the 
discrete topology [3, p. 217, 3.101 and linearly compactness is preserved by 
taking products and closed submodules. 
(a) 2 (b). Let us adhere to the notations used in duality theorem. 
Let M be linearly compact, then M is isomorphic in %? to some N*, where N 
is linearly discrete. 
Consider the pure-exact sequence 0 -+ X -+ oj Fj + N ---f 0 (1.7), where 
each Fj is Noetherian. 
There are linear topologies over Noetherian R-modules. Further, a linear 
topology over a Noetherian R-module is linearly discrete [3, p. 226, 7.31. Also 
a direct sum of linearly discrete topologies is linearly discrete (ibid., p. 225, 
6.6). Moreover, linearly discreteness is preserved under taking quotients 
(ibid., p. 224, 6.3). Also a module is linearly discrete if and only if it is a direct 
limit of Noetherian modules (ibid., p. 227, 7.5). 
These remarks show that the above pure-exact sequence is indeed in %?, 
with suitable linearly discrete topologies on each of the constituent modules. 
The new linearly discrete topology on N, which is the quotient of the direct 
sum of linearly discrete topologies on @ Fi may not be the same as the one we 
started with on N. However, all homomorphisms from a linearly discrete 
R-module into E are continuous, hence Morph(X, E) = X* = Hom(X, E) 
for any linearly discrete R-module X (ibid., p. 224, 6.2). Thus we still have 
N* = M (up to isomorphism in %). 
Hom(--, E) applied to the above pure-exact sequence, gives rise to the 
exact sequence 0 + M--f JJ Fj* -+ X* + 0 in %?. But this sequence splits 
algebraically (1.3). Further, the topology on M is the relative topology of 
n Fi*, which by assumption is linearly compact. Hence M is closed in n Fj*. 
Also by the Matlis duality, each Fj* is R-Artinian and so linearly compact in 
the discrete topology (ibid., p. 217, 3.10). 
Thus M is topologically isomorphic to a closed direct summand of a 
topological product of Artinian R-modules each with discrete topology. 
2. GLOBAL CASE 
In this section we consider linearly compact modules over a h-local domain 
R with the Q-adic topology. We may also assume that R is not local. Thus to 
fix the notation, we hereafter assume that R is a Noetherian h-local (nonlocal) 
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domain with the Q-adic topology and by “an R-module” we mean a linearly 
topological Hausdorff R-module. All maps considered are continuous. 
THEOREM 2.1. An R-module ,I4 is linearly compact in the discrete topology 
if and only ;fit is Artinian. 
Proof. I f  M is Artinian then the only linear topology it carries is linearly 
compact and discrete [3, p. 217, 3.101. 
Conversely, let M be linearly compact and discrete. Now a topological 
ring is linearly compact precisely when it is a direct sum of complete local 
rings each with m-adic topology [7, p. 87, Theorem 21. Hence R is not 
linearly compact and so M contains no copy of R. Consequently M is a 
torsion R-module. 
Since R is h-local, M is isomorphic to @ MVr, (m E Sz) where M,,, is iso- 
morphic to M @ R, [5, p. 152, Theorem 3.11. Let xm be a nonzero 
element in iWYrl and NVL equal to @ Mn (n E Q\,{m}). Then the collection 
{xm + N,,} (m E Q) is a filter of cosets of 111. If  nil,, were not zero for all but a 
finitely many wz in Q, then the intersection of the filter (xm + NTn} would be 
void, contradicting the fact that M is linearly compact. Hence MT, is zero for 
all but a finitely many m in 9. So M is isomorphic to n M,Jm E Q, Il!ITr~ is 
zero for all but a finitely many m E G). 
Now each M, is linearly compact and discrete over the topological local 
ring R, with the m-adic topology. Thus they are R,-Artinian [3, p. 221, 
5.3 and 5.41. Each R-submodule of M,,, is m-primary as an R-module, thus 
already an R,-submodule of M,,, in a natural way. So Ivr,, is also R-Artinian. 
Consequently M is R-Artinian. 
COROLLARY 2.2. Let M be linearly compact and N an open submodule of 
M, then M/N is Artinian. 
Proof. M/N is linearly compact and discrete. 
THEOREM 2.3. An R-module M is linearly compact precisely when it is 
an inverse limit of R-Artinian modules. 
Proof. An inverse limit of linearly compact modules is linearly compact 
[3, p. 217, 3.71 and an R-Artinian module is linearly compact (Theorem 2.1). 
Let M be linearly compact and {NC} (i E I) be a filter of open submodules. 
By 2.2, Mi = MjNi is R-Artinian for each i E I. The canonical epimorphisms 
M - Mi induce a homomorphism qx M +-f proj lim n/r, = J?l which is 
continuous and open. Further q(M) is linearly compact, hence closed in a. 
Also q(M) is dense in ik, thus y(M) = hk 
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The following corollary is interesting in itself. 
COROLLARY 2.4. A module M is linearly compact exactly ;f  it is complete 
and M/N is Artinian for every open submodule N of M. 
Proof. Clear. 
THEOREM 2.5. (Local decomposition). An R-module M is linearly 
compact if and only if M is isomorphic to n Mm(m E Sz), where M, is an 
&linearly compact module. 
Proof. Any &-linearly compact module is obviously R-linearly compact 
and a product of R-linearly compact modules is also R-linearly compact. 
Conversely let M be R-linearly compact. Then M is isomorphic to 
proj lim M, where Mi is R-Artinian for each i E I. (2.3). As in the proof of 
2.1, each Mi is isomorphic to n Mmi (Mmi is zero for all but a finitely many 
m in Sz). Now Mi and Mmi are all R-Artinian, hence each of them carries only 
discrete topology and the direct product n Mmi involves only a finitely 
many factors. Thus the above isomorphism is topological also. 
Now product commutes with inverse limits. Hence 
where 
M, z proj lim Mmi 
is &-linearly compact. Further, all the above isomorphisms are topological 
R-isomorphisms. 
Thus M is isomorphic to n M,,, , where each Mm is &,-linearly compact. 
THEOREM 2.6. (Global Structure Theorem). Let R be a Noetherian 
h-local domain with the Q-adic topology and M a linearly topological Hausdorfl 
R-module. Then the following are equivalent: 
(a) M is linearly compact as an R-module. 
(b) M is topologically isomorphic to a closed summand of a topological 
product of I&-Artinian modules, each with discrete topology. 
Proof. Follows by combining local structure theorem and local decom- 
position theorem. 
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